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EASIER PROBLEMS

1. The polynomial f(x) = 2™ 4+ a12™ ! + --- + a, has integer coefficients and n distinct
integer roots. Suppose that all of its roots are coprime. Show that a, and a,_; are
coprime.

2. a, b, and ¢ are the three roots of the polynomial 2% — 322 + 1. Find a® + b3 + ¢3.
3. p(x) is a polynomial with integer coefficients such that p(0) =1, p(1) = 2, p(—1) = 4.

Prove that p(x) has no integer roots. (In the first version of this problem, I had p(—1) = 1.
Why did I change it?)

4. (AIME 1989) Assume that 1, x2,...,z7 are real numbers such that
x1 + 4x9 + 923 + 1624 + 2525 + 3626 + 4927 = 1
4x1 + 929 + 1623 + 2624 + 3625 + 4926 + 6427 = 12
911 + 1629 + 2523 + 3624 + 4925 + 6426 + 817 = 123.
Find the value of
16x1 + 2529 + 3623 + 4924 + 645 + 8lxg + 10027.

PUTNAM PROBLEMS (NOT NECESSARILY HARDER)

5. (Putnam 2009) (From last time) Let d,, be the determinant of the n x n matrix whose
entries, from left to right and then from top to bottom, are cos1,cos2,...,cosn?. (For
example,
cosl cos2 cos3
ds = |cos4 cosb cos6|.
cos7 cos8 cos9

(The argument of cos is always in radians, not degrees.) Evaluate ILm dp.
n—oo
6. (Putnam 2009) Let p(z) be a real polynomial that is nonnegative for all real z. Prove
that for some k, there are real polynomials fi(z), ..., fr(x) such that p(z) = Zle fi(z)2.
7. (Putnam 2003) Do there exist polynomials a(z), b(z), c(y), d(y) such that
1+ay +2y® = a(z)e(y) + b(z)d(y)?

8. (Putnam 2010) Find all polynomials P(x), Q(z) with real coefficients such that
P@)Q(z+1)— Plx+1)Q(x) = 1.

9. (Putnam 2008) Let n > 3 be an integer. Let f(z) and g(x) be polynomials with real
coefficients such that the points

(f(1),9(1)), (f(2),9(2)),.... (f(n),9(n)) € R?
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are the vertices of a regular n-gon in counterclockwise order. Prove that at least one of
f(z) and g(z) has degree greater or equal to n — 1. (By the way, suppose n is odd and
deg(f(z)) < n — 1. Can you say anything special about the regular n-gon?)

10. (Putnam 2011) For which positive integers n is there an n x n matrix with integer
entries such that every dot product of a row with itself is even, while every dot product

of two different rows is odd?
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