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. Find all functions f : R — R satisfying
fl@? =) = (z —y) (f(2) + f(y)-

. Find all functions f : R — {1} — R, continuous at 0, that satisfy

x

f(x)—f( ) reR—{1}.

1—=z
. Find all functions f : [0,1] — R satisfying the following conditions

o [f(z)]sin?z + [z] cos f(x) cosz = f(x)
o [(f(x)) = [f(x).

Here [x] means the fractional part of x.

. Find all functions f : R — R such that for all reals x, y, z, we have

[f (@) + 1] [F(y) + f(2)] = flzy + 2) + f2z —y).

. Find all functions f : R — R such that

f(f @) +y) = f(f(z) —y) +4f(2)y, for any z,y € R.
. Let ¢ be a positive integer. The sequence ai,as, ... is defined by

a1 :=c¢, and apy1 = ai + a, + 03,n € N.

Find all values of ¢ for which there exist some integers k > 1 and m > 2 such that ai +c3
is the m-th power of some positive integer. Solution: Notice that

azi+c = (a2 +an+)?+ = (a2 + ) (a2 +2a, + 1+ ).

Claim: a2 + ¢® and a2 + 2a,, + 1 + ¢ are coprime.

Proof of the Claim: Firts, we prove that 4c® + 1 is coprime with 2a,, + 1, for every n > 1.
Let n = 1, and p be a prime divisor of 4c® + 1 and 2a; + 1 = 2¢ + 1. Then p divides
2(4c3 +1) = (2¢+ 1)(4c¢®> — 2¢ + 1) + 1, hence p divides 1, which is a contradiction.
Assume now that (4¢3 +1,2a, +1) = 1 for some n > 1, hence the prime p divides 4¢3 + 1
and 2a,41 + 1. Then p divides 4a,11 + 2 = (2a, + 1)? + 4¢3 + 1, which again gives a
contradiction.

Assume that for some n > 1 the number

az i+ = (a2 +an+)?+ = (a2 + ) (a2 +2a, + 1+ ).



is a power. Since a% + ¢ and afl + 2a,, + 1 + ¢ are coprime, then a% + 3 is a power as
well.

The same argument can be further applied given that
ad+E=74+E=Ac+1)

is a power. If a?(a + 1) = t™ with odd m > 3, then a = 7" and a + 1 = #J*, which is
impossible. If a*(a + 1) = t*™ with m; > 2 then a = ] and a + 1 = ¢J'?, which is
again impossible.

Therefore a?(a + 1) = t>™ = 2, which implies that a = s> — 1 for s > 2, and s € N.

. (Putnam) Find all functions f from the interval (1,00) to (1,00) with the following
property: if z,y € (1,00) and 2% <y < 23, then (f(x))? < f(y) < (f(z))3.

. Find all differentiable functions f : (0,00) — (0,00) for which there is a positive real

number a such that a .
rfey
7(5) @)

for all z > 0.



