MORE FUNCTIONAL EQUATIONS (02/22/23)

1. LEFTOVER PROBLEMS FROM LAST TIME

Unless stated otherwise, ‘functions’ means functions of one (real) variable.

1. (Putnam’00) Let f(z) be a continuous function such that f(2z2 — 1) =
2z f(z) for all x. Show that f(z) =0 for all —1 <z <1.

2. Find all functions f(z) such that f(%5%) + f(z) + f(y) =2 +y.

3. f(z,y) is a function on the plane. It has the following property: the sum
of its values in the vertices of any square is equal to zero. Show that f = 0.

2. AND A FEW MORE (FROM ACTUAL COMPETITIONS)

4. Find polynomials f(z), g(z), and h(z) such that

—1, z < —1
[f(@)| = lg(@)| + h(z) = {32 +2, —-1<z<0
—2zx+2, x>0.

Can you prove your solution is unique?

5. Let f: R — R satisfy the functional equation:

fl+1)=1/24/f(z) - f(z)*.

Prove that f is periodic, and give an example of a non-constant f satisfying
the equation.

6. Show that there exists a unique function f(z) defined for x > 0 such that
f(z) >0 and
f(f(z)) = 6z — f(z).

3. IF YOU ARE GETTING BORED OF THIS TYPE OF PROBLEMS

7. A function f has continuous third derivative on R. Prove that there
exists a point where

f@)- f'(@) - f(@) - 7 (x) = 0.
4. SOMETHING TO THINK ABOUT (OR TO DISCUSS, TIME PERMITTING

What is actually going on in problems 6 and 37



