Putnam Club Problem Sheet - February 1

1. CONCAVITY

Warmup Problem Show that for any AABC', sin A + sin B +sin C' < i
Warmup Problem If a4, ..., a, are nonnegative, then
(I+a) ...-(1+a)> 1+ (@ ... a,)")"

Problem. (2001 IMO Problem 2) Show that if a, b and ¢ are positive real numbers, then

a
+ + > 1

Va2 +8bc Vb2 +8ac V2 +8ab

Hint: If the inequality holds for (a, b, ¢) then it holds for (Aa, Ab, Ac) for any A\ > 0. Assume

wlog that a + b+ ¢ = 1 and hence that the LHS is a weighted average.

2. AM-GM INEQUALITY

Problem. (2021 B2) Determine the maximum value of the sum

n
§= Zz—n aras - a,)'"

n=1

over all sequences ay, as, as, - - - of nonnegative real numbers satisfying >~ a; = 1. Hint:
Notice that
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Problem. (2019 A3)
Given real numbers bg, bl, ey b2019 with b2019 7é 0, let 215292y« 4 22019 be the roots in the

complex plane of the polynomial o

k=0

Let p = (Jz1] 4+ -+ - 4+ |22010]) /2019 be the average of the distances from zy, 2o, . . . , 22019 to the
origin. Determine the largest constant M such that u > M for all choices of by, by, ..., bag1g
that satisfy

1§bo<b1<bQ<"'<b2019§2019.
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3. HOLDER’S INEQUALITY AND CAUCHY-SCHWARZ

Warmup Problem. Fix real numbers a < b. Let C be the set of continuous functions

f: [a,b] — (0,00). Find max;ec (Uff)g).

e
Problem. (2010 B1) Is there an infinite sequence of real numbers ay, as, as, ... such that
al* +ay +as' +---=m

for every positive integer m?

Problem. (2012 B2 - variant) Prove that there is a constant ¢ > 0 with the following
property. Let I be a face of area A of a polyhedron in R3. If a collection of n balls whose
volumes sum to V contains F, then nV? > cA3.



