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Problem set 1

Wednesday, October 14th, 2020

Mihaela Ifrim

Theoretical Introduction to Generating functions

Here are basic recurrence equations that you can solve:

1.

Let a, be a sequence given by ay = 0 and a,,1 = 2a, + 1 for n > 1. Find the
general term of the sequence a,,.

Find the general term of the sequence given recurrently by

Upi1 = 2a, +n, (n>0), a=1.

Fy=0,F, =1,and forn > 1, F,,,; = F, + F,_1. Find the general term of the
sequence.

Let the sequence be given by ag = 0, a; = 2, and for n < 0:
Apt2 = _4an+1 — ay,.
Find the general term of the sequence.

Find the general term of the sequence z,, given by

xg=x1 =0, Tpio — 6T + 92, =2"+n forn >0.

Let fi =1, fo, = fu, and fo,11 = fr+ fnr1. Find the general term of the sequence.
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The following problem is slightly harder because the standard idea of snake oil
doesnt lead to a solution.

Prove that

For given n and p evaluate
—~ \2p+2k+1 k)
Prove that for the sequence of Fibonacci numbers we have

F+Fh+ -+ F=Fgp+]l

Given a positive integer n, let A denote the number of ways in which n can be
partitioned as a sum of odd integers. Let B be the number of ways in which n can
be partitioned as a sum of different integers. Prove that A = B.

Find the number of permutations without fixed points of the set
{1,2,...,n}
Let n € N and assume that
z+2y=n has R; solutions in N}
2r +3y =n—1 has R, solutions in N}
nr+ (n+1)y=1 has R, solutions in N2

(n+1z+ (n+2)y=0 has R,;; solutions in N2
Prove >, Ry =n+ 1.



17. A polynomial f(zq,xs,...x,) is called a symmetric if each permutation o € S,
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we have f(2,a),...,%om) = f(21,...,2,). We will consider several classes of
symmetric polynomials. The first class consists of the polynomials of the form:

op(T1, . xy) = Z Tiy - Ty

i1 <<

for 1 <k <n,oy=1, 0, =0 for k > n. Another class of symmetric polynomials
are the polynomials of the form

pr(x1,. .. x,) = Z . xi where iy, -+ 1, € Np.
i1+tin=k
The third class consists of the polynomials of the form:

$i(T1, ..., mp) = 2k 4 2k

Prove the following relations between the polynomials introduced above:

n n

—1)"opp—r =0, n :ns _,, and no,, = —1)" 8,00,
Z( )Tpnr y NMPn ern T n Z( ) rUn—r

r=0 r=1 r=1

Prove that there is a unique way to partition the set of natural numbers in two
sets 77 and B such that: For very non-negative integer n (including 0) the number
of ways in which n can be written as a; 4+ a9, a1, a2 € A, a; # as is at least 1 and is
equal to the number of ways in which it can be represented as by + by, by, by € B,

by # bo.

Prove that in the contemporary calendar the 13th in a month is most likely to
be Friday. Remark: The contemporary calendar has a period of 400 years. Every
fourth year has 366 days except those divisible by 100 and not by 400.

Let a and b be positive integers. For a nonnegative integer n let s(n) be the number
of nonnegative integer solutions to the equation

ar +by =n
Prove that the generating function of the sequence( s(n)), is

1
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Prove that the number of ways of writing n as a sum of distinct positive integers
is equal to the number of ways of writing n as a sum of odd positive integers.Note:
This property is usually phrased as follows: Prove that the number of partitions
of n into distinct parts is equal to the number of partitions of n into odd parts.

Generating functions are powerful tools for solving a number of problems mostly in

combinatorics, but can be useful in other branches of mathematics as well.



