
REAL NUMBERS (03/20/24)

(Put together using the collections of Ed Barbeau available on his page
https://www.math.utoronto.ca/barbeau/home.html)

1. (2008-B1) What is the maximum number of rational points that can lie on a circle
in R2 whose center is not a rational point? (A rational point is a point both of whose
coordinates are rational numbers.)

2. (1997-B1) Let {x} denote the distance between the real number x and the nearest
integer. For each positive integer n, evaluate

Fn =
6n−1∑
m=1

min
({m

6n

}
,
{m

3n

})
.

(Here min(a, b) denotes the minimum of a and b.)

3. (1990-A2) Is
√
2 the limit of a sequence of numbers of the form 3

√
n − 3

√
m (n,m =

0, 1, 2, . . . )?

4. (Follow-up to 2008-B1) A circle in R2 contains exactly N rational points. For what N
is this possible?

(Something to think about: What if we replace a circle by an ellipse?)

5. (1990-A4) Consider a paper punch that can be centered at any point of the plane and
that, when operated, removes from the plane precisely those points whose distance from
the center is irrational. How many punches are needed to remove every point?

6. (1989-A4) If α is an irrational number, 0 < α < 1, is there a finite game with an honest
coin such that the probability of one player winning the game is α? (An honest coin is
one for which the probability of heads and the probability of tails are both 1

2 . A game is
finite if with probability 1 it must end in a finite number of moves.)

7. (1998-B5) Let N be the positive integer with 1998 decimal digits, all of them 1; that
is,

N = 1111 · · · 11.
Find the thousandth digit after the decimal point of

√
N .

8. (1994-A5) Let (rn)n≥0 be a sequence of positive real numbers such that limn→∞ rn = 0.
Let S be the set of numbers representable as a sum

ri1 + ri2 + · · ·+ ri1994 ,

with i1 < i2 < · · · < i1994. Show that every nonempty interval (a, b) contains a nonempty
subinterval (c, d) that does not intersect S.
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And two problems from the last set:

9. (2002-A5) Define a sequence by a0 = 1, together with the rules a2n+1 = an and
a2n+2 = an + an+1 for each integer n ≥ 0. Prove that every positive rational number
appears in the set {

an−1

an
: n ≥ 0

}
=

{
1

1
,
1

2
,
2

1
,
1

3
,
3

2
, . . .

}
.

10. (1993-A6) The infinite sequence of 2’s and 3’s

2, 3, 3, 2, 3, 3, 3, 2, 3, 3, 3, 2, 3, 3, 2, 3, 3, 3, 2, 3, 3, 3, 2, 3, 3, 3, 2, 3, 3, 2, 3, 3, 3, 2, . . .

has the property that, if one forms a second sequence that records the number of 3’s
between successive 2’s, the result is identical to the given sequence. Show that there exists
a real number r such that, for any n, the nth term of the sequence is 2 if and only if
n = 1 + ⌊rm⌋ for some nonnegative integer m.

(Side comment: what happens for other numbers in place of 2 and 3?)


