Homework #5 - 7t week Math 240 Thursday October 24, 2013

1. Leta,b > 1 be integers and g: = gcd(a, b) its greatest common divisor. Show that
ifa=g-g,and b = g- ¢ then ¢, and g are relatively prime.

Solution. Since ged(k - a, k - b) = k - ged(a, b) in particular, for k = g we have
g =ged(a,0) = ged(9 - ¢a, 9 @) =9 ged(qa, ) = ged(da, p) =1

that is, g, and g, are relatively prime. O

2. Show that for any pair of non negative integers a and b

a-b=ged(a,b) - lem(a, b).

Solution. Suppose first that a and b are relatively prime and let m be any multiple of
both @ and b. Then, for some integers g, and gy, m = a - ¢, = b- gy and so, a | b- gp.
Since a and b are relatively prime it follows thata | ¢, i.e., ¢ = %-a for some integer
x which implies that m = a - b - k and hence a - b | m. This means that a - b being
a multiple of a and b, is is a divisor of any its common multiples. Therefore, by the
very definition of the least common multiple, it follows that a - b = lem(a, ).
Finally, if a and b were not relatively prime, writing a = g - g, and b = g - g as in
exercise 1, since g, and ¢, are relatively prime we have for we just have proved

Ga - @ = lem(qa, g)
i3
b=1(9-9)(9" ®)
%
b= g% lem(qa, v)
i3
a-b=g-lem(g-qa,g- )
y
a-b=g-lem(a,bd)

)
a-b=ged(a,b) - lem(a, b)

S

Q

since as in exercise 1, g = ged(a, b). O
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3. Find gcd (1000, 625)

(a) using the Euclidean Algorithm
and

(b) by factorization.
Solution.

(a) Successive divisions give the remainders

1000 =625 -1+ 375
625 = 375 -1+ 250
375 =250-1+125
250 =125 - 2.

This means that the last non zero reminder is 125 and hence
ged (1000, 625) = 125.
(b) Since the prime factorizations of 1000 and 625 are
1000 = 2° - 5°
and
625 = 5

we find that ged (1000, 625) = 20 - 53 = 53 = 125.

4. (a) If pis prime, show that the largest power of p dividing n! is

logp n

> sl =l )+
. n—o,(n)

where o,(n) denotes the sum of the base p digits of n.

(b) 1000! has a lot of final zero digits. Use (a) to find how many are there.
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Solution.

(a) There are
#{r/1<k, andlﬁpﬁn}Z#{Ii/ISHSZ}: {ZJ

multiples of p which are < n. In the same way, for j = 1,2, ... there are

#{/ﬁ/lﬁ/{, andnpj<n}:#{/{ 1</g<pj}—LZJ

multiples of p/ which are < n. Therefore, the largest power of p that divides

R

Note that this sum ends up as soon as p/ > n, i.e., when j > log,,
Alternatively, if n = @, p™ + @pm—1p™ '+ - - +a1p+ag is the base p expansion

of n then, forany j = 1,2,...,m, we have

R —-1 | T S B
E—ampm7+am_1pmj +-tajp+aj+ » + +pj—1 ey
butsince 0 < a; <p—1,
aj_1 ay ao _ 1 1 1)
p pi=t  pl T sl )p pit o pi
1(1 L)
1
”1 R Y
T p
we see that
ny_ m—j m—j—1
Lﬂ = amp + @m—1p +tajpp +ag
and hence

m
n
> ij = amp™ @ p" P apta
=

+ amp™ 2+ Q1 p™ 3+ agp+an

+ ampP + am—1
+ am
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(0)

=ar+ax(1+p)+as(l+p+p>)+-+am(1+p+--+p™")
a(p—1+ax(p? =D +as(p’ — 1)+ +an(p™ —1)

p—1
_ (a1p+a2p2+a3p3+~~—|—ampm)—(a1+a2+a3+~-~+am)
= )
_n—oy(n)
=1

If s,(n) denotes either of the quantities appearing in part (a), the prime de-
composition of n! is
nl = H psr (™),
p<n
p prime

Since the number of zeros at the end of n! coincides with the largest power of
10 = 2 - 5 dividing n! and s5(n) < s2(n) we see that the total of such zeros is
s5(n). In particular, when n = 1000

1000|1000 |  |1000| = | 1000
1 =
$5(1000) {5J+{25J+{125J+{625J

=200+40+8+1=249

and 1000! ends with 249 zeros. O
5. (a) Given two non negative relatively prime integers a an b, show that if =g, yo is a
particular solution of the Diophantine equation az + by = m then, any other
solution is of the form
T =x9+ bk
Y="Yo —akr

(0)

for some integer k.

Use (a) to describe the solution set for the general linear Diophantine equa-
tion az + by = m when a and b are arbitrary non negative integers.

Solution.

(a)

If 2, yo satisfies axg + byp = m and z, y is any other solution of this equation,
i.e., axr + by = m, by subtracting

—a(z —x9) = b(y — vo)-

This implies that b | a(x — zo) and hence b | (x — () because a and b are
relatively prime. This means that for some integer s, x = 2 + bx. Also, from
the above relation it follows that b(y — yg) = —abk and so y = yy — ak.
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(b) Let x,yo be a solution of the general equation azx + by = m. We know that if
g: = ged(a, b) then, g | m so if, as in exercise 1, we write a = gq, and b = gqgs,
any solution z, y to the equation will satisfy

m
aax—l—qby:?EZ.

Since g, and g; are relatively prime (exercise 1), from part (a)

T = Tg+ KQp
Y ="Yo — k{qa
for some integer k.
6. Solve
=1 mod3
=2 modbH

Solution. From the first equation = 1 4 3x and from the second = = 2 + 5¢ form
some integers x and £. This means that for = to be a solution of the given system,
x and £ must satisfy 1 +3x = 2+ 5¢ & 3k = 14 5¢. Since 3 and 5 are relatively
prime and kg = 2, £y = 1 is a particular solution to this last equation, we see that its
solutions are describe (exercise 5) by

K=245v

{=1+3v
where v € Zis an arbitrary integer. Thus, returning to the expression for x in terms
if & (or £) we find that the general solution to the given system of congruences is

=74 15v

with v € Z an arbitrary integer.
In other words (recall the Chinese reminder theorem),

=1 mod 3

& =7 mod 15.
=2 modb



